Abstract: In this paper we study both the spectra and the essential spectra of weighted composition operators 
Introduction

We denote by H(D) the family of all analytic functions on the open unit disc D of the complex plane C. Let φ : D → D be an analytic map and u ∈ H(D). These maps induce via composition and multiplication a linear weighted composition operator uCφ which is de ned on H(D) by (uCφ)f = u(f • φ).
Good general references for composition operators on classical spaces of analytic functions on the unit disc are the monographs by Cowen and MacCluer [7] , and Shapiro [18] .
The most fundamental problem concerning weighted composition operators is that of relating operator theoretic properties (e.g., spectrum) of uCφ to function theoretic properties of u and φ. For an automorphic symbol φ, the authors [14] investigated the spectra of invertible weighted composition operators acting on a wide class of Banach spaces which contained Hardy spaces H p (D), standard weighted Bergman spaces A p α (D) and weighted H ∞ -type spaces (throughout this paper we use the letter A to denote any of these three spaces, see Section 2) . See also [15] . Since in one case the spectrum of uCφ was left unsolved in [14] , we start by completing that work. See Theorem 1. Also Cowen, Ko, Thompson and Tian [8] have recently studied the spectra of certain weighted composition operators on H (D). More precisely, they considered symbols φ with Denjoy-Wolf point a ∈ ∂D such that φn → a uniformly on all of D as n → ∞ (instead of just on the compact subsets of D). But very little is known about the essential spectra of weighted composition operators. In case of a composition operator Cφ acting on H (D), Cowen proved in the remarkable paper [6] (see also [7] ) several deep and interesting results concerning the spectrum and the essential spectrum of Cφ. More recently, Bourdon [4] studied spectrum and essential spectrum of Cφ for φ an essentially linear fractional symbol; see also [5] . Using ideas from the paper of Cowen et al. [8] 
Preliminaries
Let φ be an analytic selfmap of D. For all n ∈ N we denote the n-th iterate of φ by φn, that is,
for n = we set φ := id, the identity function of D. If φ is an automorphism, then the same is true for φ − and we denote φ−n := (φ − )n. It is very easy to check that for n ≥ we have
for all f ∈ H(D) and z ∈ D. Hence (uCφ) n = u (n) Cφ n , where
For n = we shall nd it convenient to set u ( ) = .
The analysis of the spectral behavior of uCφ is typically case-based with the cases depending upon the type of the symbol φ, and the types can be characterized by the xed point con guration of φ. Recall that a nontrivial automorphism φ of D (i.e., φ is not the identity function of D) is called -elliptic if φ has a unique xed point in D; -parabolic if φ has a Denjoy-Wol point a in ∂D with φ ′ (a) = ; and -hyperbolic if φ has a Denjoy-Wol point a in ∂D with φ ′ (a) < .
In this work we are mainly interested in selfmaps φ of D (both automorphisms and non-automorphisms) of hyperbolic type, that is, φ ′ (a) < where a ∈ ∂D is the Denjoy-Wol point of φ.
Let X be a Banach space, and denote the space of all bounded linear operators on X by L(X). Recall that the point spectrum σp(T) of an operator T ∈ L(X) consists of all eigenvalues of T. The approximate point spectrum is the set σap(T) consisting of those λ's for which λ − T fails to be bounded from below. The essential spectrum of an operator T ∈ L(X) is de ned as σe(T) = {λ ∈ C ; T − λ is not Fredholm}. Recall that T ∈ L(X) is said to be Fredholm if both the dimension of its kernel and the codimension of its range are nite. 
(C2) Cφ ( − |φ( )| ) −s whenever φ is an automorphism of D.
The most important examples of spaces A are the following three Banach spaces:
(2) The standard weighted Bergman space A p α (D) with α > − and < p < ∞ is the space
where dA(z) denotes the normalized area measure of D. The related constant s = (α + )/p.
p is the standard weight. The related constant s = p.
As in [14] , we are mainly interested in these three spaces and from now on the letter A will always denote any one of these three spaces. On these spaces the operator uCφ is invertible if and only if φ is an automorphism and u ∈ H ∞ (D) is bounded away from zero on D. Moreover, uCφ is Fredholm if and only if φ is an automorphism and Mu is also a Fredholm operator; see [14, Section 3] for details.
The remaining spectra
In [14] the spectrum of invertible uCφ : A → A was completely determined for elliptic and parabolic automorphism φ, but the description for hyperbolic automorphism φ was left incomplete in [14, Theorem 4.9] . Indeed, for a hyperbolic automorphism φ of D with the attractive xed point a and the repulsive xed point b, it was crucial to assume in [14,
In this section we consider the case
In our proof we need to move between the space A and its dual A * . In case of a re exive space this is not a problem but for non-re exive ones we need some extra arguments to make sure that the dual is not too big. So let us state and prove a duality lemma before considering the spectra of uCφ.
Lemma 1. Let A be any of the spaces H
Proof. For the re exive spaces H p (D) and A p α (D) this follows from the Hahn-Banach theorem. Indeed, if the span of the point-evaluation functionals were not dense in the dual space A * , then we would nd a nonzero element in A ** that has value at each δz. But since A is re exive, there is a non-zero f ∈ A with 
Theorem 1. Let A be any of the spaces H
p (D) with < p < ∞, A p α (D) with < p < ∞, H vp (D), or H ∞ vp (
D), and let s denote the constant related to the space (see Section 2). Let φ be a hyperbolic automorphism of D with the attractive xed point a and the repulsive xed point b. If u ∈ A(D) is bounded away from zero and
Proof. We will nd it convenient to rst consider the spaces H p (D) It is known that the spectrum is contained in the claimed annulus (see [14, Corollary 4.7] ). Fix a point z ∈ D and put zn = φn(z ) for all n ∈ Z. By [7, Theorem 2.65], (zn) n∈Z is an interpolating sequence for H ∞ (D).
Denote X := {f ∈ A ; f (zn) = , n ∈ Z} and observe that X is clearly a closed subspace of A. Consider the quotient space A/X and recall that (A/X) * = X ⊥ , where X ⊥ denotes the annihilator of X. Observe that X ⊥ = span{vs(zn)δz n ; n ∈ Z}, where vs(z) = ( − |z| ) s . Indeed, by Lemma 1 we know that the linear span of point-evaluation functionals δz is dense in A * , and so there is Ω ⊂ D such that X ⊥ = span{vs(z)δz ; z ∈ Ω}.
If there were a point ω ∈ Ω such that ω ≠ zn for all n, the sequence (. . . , z − , z − , ω, z , z , z , . . .) would also be H ∞ -interpolating, and so we could nd a function f ∈ A such that f (ω) = and f (zn) = for all n.
Then f ∈ X but δω(f ) = f (ω) = ≠ which gives the contradiction. Since (uCφ) * (δz) = u(z)δ φ(z) , it follows that X ⊥ is invariant under the adjoint (uCφ) * , and so the restriction
Rigorous treatment of our next step requires space-speci c arguments (which we will provide below) but the general idea is same for each space. So, let us rst describe the heuristics and make it rigorous afterwards by considering each of the spaces separately. We will start by showing that Let us denote by {en} n∈Z the canonical basis of A (Z) * . Since for each n ∈ Z 
S(uCφ) * T(en) = S(uCφ)
Next we will show that each λ ∈ C with |u(a)/φ ′ (a)
let us x such λ and observe that if x = n∈Z xn en is a λ-eigenvector of Sw, then Sw x = n xn wn e n+ = n x n− w n− en = n λxn en, and thus λxn = x n− w n− for all n. Put x = and let xn = w · · · w n− /λ n , for n > ; λ |n| /(w − · · · wn), for n < . 
Essential spectra for invertible operators
In this section we determine the essential spectrum of those invertible uCφ for which the spectrum was determined in [14] . The structure of this section is as follows: rst we state a couple of general lemmas, then we determine the essential spectrum of uCφ with φ either parabolic or elliptic, and nally we consider the case of hyperbolic φ. So, let us start by stating a useful lemma:
Lemma 2. Let X be a complex Banach space, T ∈ L(X) and λ ∈ σ(T) \ σe(T). If there is a path lying outside of σe(T) and joining λ with a point in the resolvent set of T, then λ is an isolated point of the spectrum σ(T).
Proof. See [1, Lemma 7.43].
We would like to thank Professor Mikael Lindström for pointing out the following general lemma.
Lemma 3. Let X be a complex Banach space and T ∈ L(X). If σp(T) ⊂ σe(T), then σap(T) ⊂ σe(T).
Proof. Let λ ∈ σap(T) and pick a sequence (xn)n of unit vectors of X such that (λ − T)xn → as n → ∞. Let us assume towards a contradiction that λ / ∈ σe(T). Then λ − T is a Fredholm operator and so Ker(λ − T) is nite dimensional. Thus the projection P : X → Ker(λ − T) is of nite rank. Write X = Ker(λ − T)⊕Ker(P) and observe that λ − T must be bounded from below on Ker(P) (this follows from, e.g., [1, Lemma 4 .39]). Thus there is an M > such that (λ − T)x ≥ M x for all x ∈ Ker(P). Because P is a nite rank operator, we may assume (by possibly passing to a subsequence) that Pxn → v ∈ Ker(λ − T) as n → ∞. If we had v ≠ then λ would be an eigenvalue of T and so, by assumption, should belong to σe(T). But this is impossible so necessarily v = . De ne yn = (I − P)xn and notice that yn ∈ Ker(P). Now
as n → ∞. On the other hand,
and so limn yn = . Since yn ∈ Ker(P), we also have (λ − T)yn ≥ M yn for all n, and so (2) gives us the desired contradiction. 
. Parabolic and elliptic cases
(b) If φ is an elliptic automorphism with a xed point a ∈ D such that φn ≠ id for all positive integers n, then the spectrum and the essential spectrum of uCφ coincide and
Proof. The invertibility of uCφ follows from [14, Corollary 3.7] , and so do also the claims on the spectrum of uCφ (see Theorems 4.3 and 4.14 in [14] , respectively). Since in both cases the interior of σ(uCφ) is empty and it has no isolated points, Lemma 2 yields that σe(uCφ) = σ(uCφ).
Theorem 3. Let u ∈ H(D) and φ be an elliptic automorphism of D such that there is a positive integer j such that φ j (z) = z for all z ∈ D. If m is the smallest such integer and uCφ is bounded on A, then σe(uCφ)
Proof. The claimed set was shown to be the spectrum in [14, Theorem 4.11] . In fact, the same proof can be used to show that the set is also the essential spectrum. Let z ∈ D not be a xed point for φ. It was shown that for every λ ≠ , for which λ m = u (m) (z ), there exists a function g ∈ A(D) ⊂ A not belonging to Im(uCφ − λ).
The only conditions such g has to satisfy are
We may pick another function h ∈ A(D) with h(z ) = . Now gh ∈ A(D) still satis es the above conditions and thus does not belong to Im(uCφ − λ). It is also clear that there are in nitely many independent functions h like this. This means that uCφ − λ is not a Fredholm operator and thus λ is also in the essential spectrum.
. Hyperbolic case
Lemma 4. Suppose that φ has Denjoy-Wol point a ∈ ∂D with φ ′ (a) < and that uCφ : A → A is bounded.
Then σp(uCφ) ⊂ σe(uCφ).
Proof. Let µ be an eigenvalue of uCφ with the corresponding eigenfunction g. Cowen has shown in [6, Corollary 4.4] that there exist in nitely many linearly independent functions fn ∈ H ∞ (D) such that fn • φ = fn.
Thus µ is an eigenvalue of in nite multiplicity for uCφ which yields µ ∈ σe(uCφ), as claimed.
Now we are ready to state and prove 
Proof. The claim concerning σ(uCφ) has been proven in [14, Theorem 4.9] . Let us rst notice that if Next we show that (αn)n ∈ ∞ . For this we need to evaluate
From [ Let
As in the proof of [14, Theorem 4.9] , it can be shown that F λ ∈ A for all |λ| > |λ |. Now (λI − uCφ)F λ = g and → as n → ∞, we conclude that
as n → ∞. This means exactly that λ ∈ σap(uCφ). But now it follows from Lemma 3 and Lemma 4 that λ ∈ σe(uCφ). Therefore
Since the essential spectrum is a closed subset of the spectrum, the statement follows from the fact that
It is still an open question whether the spectrum and the essential spectrum of invertible uCφ : A → A always coincide. More precisely, we do not know the essential spectrum of uCφ in the case described in Theorem 1.
Some non-automorphic symbols of hyperbolic type
In 
